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Recurrence relations for multilayer thin film
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Reflection from anisotropic substrates overcoated with multilayer isotropic thin films is considered.
The film—substrate system is split by an imaginary ambient gap of zero thickness between the film
and the substrate. Recurrence relations are used for complex amplitude reflection and transmission
coefficients of unsupported multilayer film. Reflection of the amsotmﬁlc substrate in the ambient
gap can be determined by the 2x2 extended Jones matrix method. Then, recurrence relations are
obtained for reflection matrix elements of the film—substrate system. They are valid at normal and
oblique incidence and are useful for specific problems without repeating a tedious algebra.

1. Introduction

Anisotropic materials are used in manr optical devices, such as phase retarders,
polarizers, optical isolators, and circulators. The performances of these devices
depend on their reflection or transmission properties. These performances can be
improved by specific thin-film coatings. Thus, it would be necessary to know the
reflection or transmission properties of thin-film coated anisotropic materials.

_In this paper, the problem of reflection from anisotropic substrates overcoated
with .multllayer_ isotropic thin films is considered. An ambient gap of zero thickness is
imaginatively inserted between the multilayer film and the anisotropic substrate.
Thus, the film—substrate system is split into an unsupported multilayer isotropic
film in the ambient medium and the anisotropic substrate in the ambient gap fl].
The complex amplitude reflection and transmission coefficients of the unsupported
multilayer film are determined by recurrence relations {2]. Reflection” of the
anisotropic substrate in the ambient medium can be determined by the 2x2
extended Jones matrix method [3{] —[5f1. Then, recurrence relations are obtained for
the reflection matrix elements of the film—substrate system. These reflections are
useful for solvmgNspemflc reflection problems without repeatlr)lg a large amount of
tedious algebra. We assume that the ambient medium and the films are isotropic and
all the materials are homogeneous.

2. Recurrence relations for multilayer unsupported thin films

Consider an unsupported thin film numbered by i of refractive index ni and
geometrical thickness di in the ambient medium of refractive index no. Let a mono-
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chromatic plane wave be incident at angle oo on the film surface. The complex
amplitude reflection and transmission coefficients of this film, rfl and i, are
determined using the following relations for both s and p polarizations [2]:

i/, = r0I(1-jr2)/(1-r5x-f)> "
toCiONi/0-—"0iXf) )

where r0i is the Fresnel reflection coefficient at the front interface, toi and tio are
transmission  coefficients at the front and bottom interface, respectively;
X{= eXp(—jInnidfiosoJx) With j = ?]—1)112, oi is the refraction anlgle which s
determined by Snell’s law, and x is the light wavelength in vacuum. For a bilayer
unsupported thin film which is split by an'imaginary ambient gap of zero thickness
between layers one obtains:

(/-2 = Irfii +f2(@ - rfi) W - r 112\ &)
th-2= tHA1=r/1r2) (4)
when light is incident on layer 1, and
€125 = prz2+ HL(EI2-rI]/(1-r/LrI2), ()
t2-i = t/i-»when light is incident on _IaYer 2, where rfi and tfi, i = 1, 2, are given
by Egs. (1) and (2). Similarly, for a triple-layer unsupported film one obtains
TI1-3 = trfl-2 4 rf2(Pfl-2~rfl-2rf2-1)]/(1~ rf3rf2-»)> (6)
f/1-3 = 737 1-2A1 - 737'/2—), (7

when light is incident on layer 1, and
13— = [7-13-2+47/1("2-3-7-13-27/2-3)]/(1-T-17*/2-3)»

= tfl_3, when Ii([;ht IS incident on layer 3, o
Generally, for a multilayer unsupported thin film consisting of N +1 layers, the
complex amplitude reflection and transmission coefficients are determined with
recurrence relations

TH-N+1~ [H=N* I+ TN =T v-0) ] (1= rtn « et -1 9

tfl-N+1 = MIVEM-nICl- r/N +ireN -1y (10)
when light is incident on layer 1, and

TIV L= [PV 12T (M2-3V 41 —rN+H-F2rf2-SNH)N (A~ T TI2-V+H), (M)

tiN+-»i = t/i-J|y+i, when light is incident on layer N + 1. These relations are valid at
normal and oblique incidence for s and p polarizations. They are obtained from the
usual recurrence relations for multilayer thin films [2].
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3. Reflection from multilayer coated anisotropic substrates

Let a plane wave be incident on an anisotropic material in the ambient medium.
Denote by Acsand Acpthe incident electric field amplitudes for s and p polarizations.
Let Acsand Acp be the respective reflected amplitudes. They are related by the 2 x 2
extended Jones reflection matrix rg as follows [3]—[5]:

(12)

Consider an isotropic thin film coated on the anisotropic substrate. Let r/fl, r/pl,
and tfm, tfpl be the complex amplitude reflection and transmission coefficients of the
usupported film for s and p polarizations which are determined by Eqgs. 12 and (2).
Using the standard boundary conditions at interfaces [3] —[5] one obtains the
foltl)o%mrgg elements of the 2 x 2 reflection matrix r for the thin-film coated anisotropic
substrate:

M= [fr+)"Tpi(Ehi ~Tm)i6.
r, = IF,+yr,1(t}pl-rjpl)yG, (13b)
rp= (13C)
rm= yArm FpH tin-r}plm tfitfpl)/G (13d)
where:
F,o= Proatye, (<L LD ]I(T-W «i* 9= sp, (14a)
y,p= r,spk rlpprfpl), (14b)
V= J ” » / ( ! <l4c)
y=y.7.. (14d)
G= i~yrfsirfpl. (14e)

In the limit of isotropy, when rgp= rgt= 0 one obtains y= 0, rqg= Fq{g = s,p),
and we recover the refation for the single-layer coated isotropic substrate (fl]. For
a bilayer coated anisotropic substrate we obtain:

r-= [f.+V'7,2-i(8»i-2 “ Tlal-»2rfa2-»)]/<?, (15a)

rPP= +V'fa-1(tfpl- 2- rfpi- 27/p2-»1)]/G, (15b)

[P = 7apCr/a2-1-"a+ (Mal- 2—r/al *2r/a2-»1H (fip 1 -* -2)/n (15¢)

roa= YPSLIfp2 AF p+ (t}p"2 « ript-2rip2- IW £, ) tfp? 2)IG (15d)
where:

Fg = Irfgl->2 + Tgaq(tfql-2 —rfql->2rfq 2 -IW (\—rgagrfg2->1)* 4= S>P> (16&)
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YD Tospl(  rgpprfp2->l)> (16b)
ypa Tgplh  Tgaarfa2-*l)> (16¢)
g = i- yrla2-*irlp2-*i» (16d)

with: y= yaoym and r/€l_2, t/fl 2 rA2 1 {q= sp) determined by Eqs. (3)—5).
Generally, for an anisotropic substrate overcoated with N thin isotropic layers, we
obtain the following recurrence relations for the elements of the reflection matrix r:

ru= IF*+ yrfpN-*i(dsi -*N -rfal,.NrfaN* 1)]/G, (17a)
rpp —[F p+ yrfsN-I(trpl-N —fpl-N 7fpN-+1)I/G, (17b)
Tp= ypQ/sN-1Fat (7*|- N rfal-NrfaN-I fal-»)/G, (170)
Tpa = ypa[.rfpN->IF p+ (tfpl->N — rfpl->NrfpN->J](tfal-N/tfpl-+N)/G (|?d)
where:
Fq= Lrfgl-*N + rgqq(tfql->N~rfgl-*NrfgN-*IY\/(I~ 7gqq7fqN-*I)y Q= S'P> (18&)
yap = Tgap/(X ~ Tgpp7tpN-+1), (180)
ypa = 7gpa(l ~ YgaanaN-+|), (180)
G= |- yrfaN-+H7fpN-+1> (18d)

With v = ysoym, and rfil_N tfalrN rfaN~1 (g = S,p) determined by recurrence
relations @Syy—(ll). P '

4. Conclusions

Reflection from anisotropic materials overcoated with multilayer isotropic thin films is
considered. The film—substrate system is split by an |magi|nary ambient gap of zero
thickness between the film and the substrate. Recurrence relations (9)—11) are used to
determine the complex amplitude reflection and transmission coefficients of the
unsupported multilayer film. Reflection from the anisotropic substrate in the ambient
gap Is represented by the 2 x 2 extended Jones matrix rg as given by Eq. 312). Then,
simple recurrence refations (17a)—(17d) are obtained for reflection matrix elements of
the multilayer coated anisotropic substrate. These relations are friendly with com-
puters and are well suited for solving specific reflection problems without repeating
a tedious algebra. For example, they are applied to antireflection %uarterwave thin-film
coatings on magneto-optical substrates at normal incidence [6].
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