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An analysis of the hologram aberration in the
intermediate and far regions*

GrRAZYNA Mulak

Institute of Physics, Technical University of Wroclaw, Wroclaw, Poland.

The behaviour of two expansions into series are examined, i.e. that of the classical
binomial expansion and the asymptotic expansion in the vicinity of glzg= 1. It has
been shown on an example of spherical aberration that the corresponding expres-
sions for aberrations are too slowly convergent in this region. The dependences
which bear the features of both the expansions and which allow to improve
considerably the convergence have been proposed for both the intermediate
and far regions. These dependences offer the advantage of easy physical inter-
pretation: the aberrations of 11l order do exist in the region qlzq > 1 but the
values of coefficients are correspondingly changed.

Introduction

In the paper [1] the application of the asymptotic expansion for the
wavefront phases has "1een proposed in order to determine the hologram
aberration outside the plza<|1 region**, which is valid for the Meier
approach [2]. In the example considered in [1] the attention has been
restricted to several initial terms in the expansion which have been
compared with the third-order spherical aberrations for the Gabor axial
hologram. In the tables enclosed in [1] there were some vacancies near
to /20> 1 region and drastic differences between spherical aberration
increasing monotonously within thé g/Z0<1 region and the aberration
with glz0> 1 region obtained from the asymptotic expansion.

Spherial aberrations

There exist no physical reason which would justify the above situation.
The aberrations should be continuous functions within the whole variabi-
lity region of g Therefore a special attention should be payed to the
intermediate region where the both expansions:

binomial

* This work was carried on under the Research Project M. R. I. 5.

** Where: q = Vx2+ y2 —coordinate in the hologram plane, za —distance of
the source from the hologram plane.
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and asymptotic
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where £ = p/zg, would be simultaneously taken into account.

Both these expansions are mutually contradictionary in a certain
sense. The expansion (1) gives the more exact results the smaller are
£ (i.e. the closer to the axis is the point of interest the less number of
terms are necessary to achieve the needed accuracy). In contrast to this,
the expansion (2) allows to gain the requested accuracy for small number
of terms if £is great enough. In the vicinity of £ ~ 1 the convergence

Fig. 1. Spherical aberration of wavefront and <by for zc = 1.2270, zr = 11 ztj;

e ——. total spherical aberration,
X -—-X spherical aberration of third order of

of both the expansions is very slow; whereby some oscillation about
the sum value of the series appear with a slowly diminishing amplitude
if the further terms are taken into account. These facts were the reason
for a lack of continuity in the aberrations reported in [1]. The spherical
aberration of the third order —Jp@IS describes less and less the real
aberrations as the distance from the axis increases (see fig. 1).
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To achieve a satisfying accuracy further terms must be taken into

account, i.e.
lin 2 E &
Z’RVI
where n... 3,5,7...
_ L X — 2 =
e S T d
and
Af\v = (zcF f) or Q* N
N F= « i*-«8*F)»

where n... 2,4,6...,
1 n—3
«@ = i£» & = -T01> « = -«»-2---;;--starting from w = 6.

The upper signs refer to the index J while the lower ones to the
index V.

Figures 1 and 2 together with the second column in the table illustrate
the applicability of the formulae (3) and (4). The comparison of the exact

Fig. 2. Spherical aberration in the vicinity of g = 1 —an illustration of the increase
of convergence of relations (3) and (8)
- according to (3), x---—-- x according ot (8)

values obtained immediately from the differences in optical paths with
the values obtained by summarizing the corresponding A%V terms makes
it clear that the convergence in the surrounding of p ~ 1is weak, which
is illustrated by the number of terms of the expansion given in the
parentheses beside in the table.
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An improvement of convergence
Convergence may be improved as follows

VI+E£=\VI+n+£-n = VI+n}/1+Y
+Nn

£—n

for 141

The form of the relation (5) includes the features of both the asymptotic
(2) and binomial (1) expansions. It is sufficient to notice that if n+1 =
then

1(I-n+1 +1V

VI+ £ 9 o | ;

By a suitable choice of n the convergence of the series may be consid-
erably improved.
In our case

Ip-Pqg°’
£ and
\ B f

The expression for the phase with respect to the hologram centre

expanded into series according to (5), for instance, for n = 1, has the
form
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or for small pd
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By assuming the phases of the reconstructed wavefronts &R and
0V calculated according to (7) and (7a), with the phase of a Gaussian
reference sphere 0Q we find that the expansion

/1 1 3 U p*-2ppc P™-ZpPo
Uu 16 128 "7\ zc 20

PA-ZpPr P2 ~PPa
zr za

is responsible for the Gaussian imaging, while the corresponding sums
/! 3
\32 + 128
are the sums of the thirds order aberrations. It may be said that the
coefficients of third order aberrations increase V2 (1/32+ 3/128+ ...)
times in the vicinity of g 1. Besides, the relations (7) and (7a) differ
from each other by the linear term depending on zq and by a constant
term depending on gq and zg. The sequence of numbers containing the
coefficient at zq tends to zero, when the number of terms of expansion
increases to oo. If, however, we are forced to take account of several
terms of the series it is reasonable to preserve this linear term too.

For the spherical aberration considered in the example, taking account
of five terms of expansion, we obtain

of terms p—pp in the fourth power with the coefficient

%Afr = —~{0.0005350

-0.077 880 8 +0.026 122 0 S*'v b
-0.006 713 8 S?*v ¢*
+0.000 854 4 S?'v e10...}, ®)

where

SRV=-L+ —+ —

*R,V

If we take account of another number of terms, also less than 6, we
must calculate new numerical coefficient in (8). The calculation of the
example for zc = 1.2 z0, zr = 1.1 zO according to (8) is presented in table.
It may be seen that the procedure based on the relation (5) gives the
satisfactory results (see figs. 2 and 3) at the vicinity of g = 1. Itisalso
seen, that e.g. for g = 1.4 another (new) value of n should be chosen
to achieve an equally quick convergence.



Spherical aberration of the wavefront &R for z¢ — 1.2 20, zr — 1.1 20

Absolute error

gl Exact of the results
value obtained from (8)
01 0.000 0011 0.000 00099 (1) values
0.2 0.000 0150 0.000 015 0 2 obtained
0.5 0.000 4617 0.000 461 4 é on the base
0.7 0.001 3944 0.001 394 4 (13) of binomial
0.9 0.002 8916 0.002 925 2 a7) expansion 0.0028745 (5) 0.06%
0.002 863 8 (18) d
1 0.003 8112 0.004 979 3 (23) 0.0038057 @ 0.15%
0.002 710 3 (24)
intermediate
11 0.004 8136 region binomial and 0.0048129 0.015%
12 0.0058 749 asymptotic 0.0058726 values 0.04%
13 0.0069 736 expansions obtained 0.05%
1.35 0.0075 308 0.019 901 8 (10) are valid 0.0069379 (5) on the base
0.012 499 8 (11) simulateneously of formula (8)
14 0.0080 906 0.008 243 4 (23) 0.0078586 (5) 2.8%
0.008 012 9 (24)
1.6 0.0103 221 0.010 064 9 (120) values
0.010 484 8 (11) obtained
18 0.0124 813 0.012 451 6 (10) on the base
0.012 496 3 ID of asymptotic
2 0.0145 198 0.014 515 6 510) expansion v
00145216  (ID )
3 0.0225 676 0.022 567 8 )
10 0.0388 2 0.038 821 0 )
-> 00 A% = 0.046 939

Note: in the parentheses located beside the aberration values expressed in 2nU units the numbers of term in the respective expansions are given.
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Fig. 3. Spherical aberration of the 0 for zc = 1.2z0 and zr = 1.1 ;Ocomputed from
the relation (8) by taking into account of the four, five and six terms of the expansion

Conclusions

A quicker convergence of the asymptotic series may be achieved by apply-
ing a procedure analogical to that employed in (5)

[T+ E£=VI-n+£+n = n—i
J+n ©)
11-n

>V o Tin

However, it does not seem to be convenient, since in the general case,
when all the zqlay outside the axis, the form of aberration sum is disad-
vantageous. This is because the distinction of these parts of the expansion
which are responsible for the Gaussian imaging, spherical aberration,
coma and so on, respectively, becomes difficult. Each of these parts is
included in each of the asymptotic expansion terms. Due to the fact,
that for great magnification (great zc) the zone, where all the four phases
(@, 9, (r, and 0Gare simultaneously developable into asymptotic series
is the far zone of the hologram, while the intermediate zone is very wide.
Therefore, it may be sufficient to confine the attention to the formulae
(7) and (7a) which are convenient in numerical calculation for properly
choosen n and have a simple physical meaning. The purely asymptotic
expansion will be, then, suitable for determination of spherical aberrations
and shows how for very large g the spherical aberration takes the con-
stant value (fig. 1) determined by the expression Agvfrom the relation (4).
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AHan3 abeppalym rosiorpavMmbl
B MPOMEXYTOUHOA M AaneKoi 06/1acTsax

ViccnegoBaHo MOBefeHVE 000MX Pa3noXeHUi B PSS KIACCUYECKOro 6MHOMMANIbHONO a Tak-
YKe acMMTOTMYECKOTO B KOJbLIEBOM OKPECTHOCTW a/rif, 6M3KOI K 1 Ha npumepe chepryecKoi
abeppaLym 66110 BbISIB/EHO, YTO COOTBETCTBYHOLLME abeppaLMOHHbIE BbIPXKEHUS B 3TOM AManasoHe
AB/IAKOTCA C/IMLUKOM MEe[JIEHHO CXOAALLMMMCS. 19 NpOMEXyTOYHON 1 fanékoii obnacTeid paspabo-
TaHbl 3aBMCUMOCTW, HOCSILLME CBOVCTBA 0GOMX Pa3foXeHW, MO3BOMSIOLLME 3HAUUTENBHO YITyu-
LWMTb CcXoAMMOCTW. Kpome TOro, 3TV 3aBUCMMOCTM UMEKOT TO MPEMMYLLIECTBO, YTO OHW Xapak-
TEPU3YHOTCS JIEFKOM (M3VYecKoli MHTepnpeTauveld; abeppauymn LL-ero nopsigka NpogosmkaroTcst
B 06M1acTh alra> 1 C M3MEHEHHBIMU 3HAYEHUSIMN KO3(MLIEHTOB.



