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Course of optical bistability in a ring cavity
in presence of an external magnetic field

D. Strojewski

Institute of Physics, Warsaw University of Technology, ul. Koszykowa 75, 00-662 Warszawa, Poland.

The results concerning the course of dispersive optical bistability in an isotropic, nonlinear ring
cavity are presented. It is shown that in the presence of an external magnetic field, linearly
polarized light transmitted through a cavity changes its polarization to the elliptical one, and
reveals bistability of the intensity and polarization state. The direction of rotation of its electric
vector can also vary noncontinuously.

1. Introduction

Since 1980 several authors have described optical and hybrid systems in which
bistability of the state of light polarization can appear [1]—{7]. Polarization
bistability caused by external factors has been presented in the works [8] and [9].
The authors of [8] have considered polarization bistable switching in media
composed of resonantly excited two-level atoms and placed in a weak magnetic field
transversal to the direction of light propagation. In the paper [9] it has been shown
that externally forced anisotropy in isotropic media is able to cause bistable changes
of the polarization state of light transmitted through a nonlinear Fabry-Perot cavity.

This paper deals with the behaviour of a plane, monochromatic, linearly
polarized light wave transmitted through a nonlinear, isotropic ring cavity with an
external magnetic field applied parallelly to the direction of propagation of the wave.

The external magnetic field splits a plane wave into right- and left-circularly
polarized waves. These waves have different constants of propagation and, therefore,
different resonance conditions in the ring cavity. Nonlinearity of the medium implies
the interaction between the two waves. The phase of each wave depends not only on
its own amplitude but also on the amplitude of the wave of the opposite circular
polarization. It leads to interdependence of the intensities of the circularly polarized
waves (that type of interdependence has been already presented in the paper [7]),
and to bistability of the transmitted wave intesity. The transmitted wave appears to
be elliptically polarized and the parameters of the polarization ellipse also reveal
bistable changes. It is even possible to select geometrical parameters of the cavity in
the way allowing noncontinuous changes of the direction of the electric vector
rotations.
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2. Formulation of the problem and simplifying assumptions

Ring resonator studied in this paper (see Fig. 1) is composed of four mirrors and
a nonlinear crystal. The mirrors 1 and 2 have the following intensity reflectivities:
RI (Tj| +R|| = 1) for incident waves having the electric vector parallel to the plane of
incidence, and RX(T1+R1= 1) for incident waves having the electric vector
transversal to the plane of incidence. The mirrors 3 and 4 have the intensity
reflectivities equal to 1 The crystal is made of a medium which appears to be
isotropic in absence of the external magnetic field and reveals nonlinear third-order
electric susceptibility. The external magnetic field is parallel to the Oz-axis (BOez) and
to preserve the symmetry of the tensors of nonlinear susceptibility.

Fig. 1 Nonlinear ring resonator (1—4
mirrors)

The linear electric susceptibility tensor has the following from [10]
Bk = £r3jk+ alBls &+ 1aB0ej&  j,k = Xx,y,z (1a)

where:
er -relative electric permittivity of the medium (in general er is a complex
number: er = e'-iX"),
aa -constants characterizing the magnetooptical properties of the medium,
Sjk -Kronecker’s tensor,
gjki -absolutely antisymmetric third-rank pseudotensor.

The linear magnetic susceptibility tensor is of the form
tik=1 j,k =xy,z. (Ib)

The field inside the nonlinear medium is described by the equation
curlcurl &= ¥

and by the nonlinear material equation

= fofjk<?k+&jL, hk =x,y,z. €))
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i] and ft( denote the electric and, respectively, magnetic permittivities of vacuum,
and t:jk is defined by (la). The components of the nonlinear polarization vector .AN_
are as follows [11]:

L= I(*1+Sy+$1)gj j=xv1 @

where %is one of the components of the electric susceptibility fourth-rank tensor
X XXXXX Xyyyy Xzzzz)

The field inside the nonlinear medium is described by Egs. (24), the following
simplifying assumptions being used:

1 The wave field propagates in the medium parallelly to the Oz-axis and depends
(as a function) solely on the variable z

2. The wave field is a monochromatic wave field of the frequency g (components
of the field having frequencies equal to integer multiples of co are neglected) far from
the resonance frequencies of the medium.

3. The wave field incident upon the resonator is a linearly polarized, mono-
chromatic, plane wave

gli):=\exEO{exp [ie>t- /Dz)] +c.c} )

where kO = cu/c (c-speed of light in vacuum).

4. The wave is transmitted through the planes separating the medium and
vacuum (z = 0 and z = L) without reflection.

The assumptions 1 and 2 imply

gz=:~L=0. 6)
It mens that the wave field inside the cavity is transversal to the direction of
propagation.

The real field vectors g, 3?N. can be described as sums of complex functions
E = \EXEYE£4T, PN_= [P?LPyLPzUT and their complex conjugations:

g =ME+E"), #N.=i[pN+(pN)*] (7)

The components of the complex nonlinear polarization vector PN_ proportional to
exp(icot) are:

PaL = tx[(3[EJ2+ 2|£,|DE, + £jE£*],

8
PNL= t Z[(3|EJI +2|EJN £, +E*E*]. )



292 D. Strojewski

3. Nonlinear Helmholtz’s equations in the nonlinear medium and their
solutions

The components of the wave field proportional to exp(icot) are described by the
following system of scalar equations:

d2 . .
iP Ex= —KIErEx+ ikQ<xBOEy—fioto2P XL,

M2 ey = o ©
2 Ey= -koSrEy+ ik%aB0Ex- n Ow2PyL.

The wave field is decomposed into two fields of right and left circular
polarizations:

£j:— ~(Ex+iE), E2— —{Ex iE), 10
j v/2( ) V/2_{ ) (10)

hence, the system (9) may be replaced by the following system of scalar Helmholtz’s
nonlinear equations (equivalent to (9)):

dzz+ kl(er-ocB0) Ei = ~ \po” 2X(\E12+ 2\E2Q)E 1,

(1)
[~ +NE+O5) £2° QRZ(2 IE.12+ 1£22)£2.

The assumption 4 allows us to expect the following form of the solution of the system
(11) [12]:

Ei{z.t) = £{z)eXD {i \ 8 () —kj 2Ty €Xp (zcat), (12)
Where
Kj:=tiNe +i-\Y*BOl (13)

The amplitudes g2 and the phase function <V <2 are real, slowly varying
functions of the variable z

£ .t. i
b st « 2Kj

d2

_ « i

a2 3¢ %k, (14)
AR

The approximation of slowly varying functions [12] leads to a system of
first-order differential equations which, after separating real and imaginary parts,
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yields the following equations determining the amplitudes and the phase functions of
the circularly polarized waves:
dzsl eiii’
-0J=-yjtii +28-}, 12 (15)

where the constants denote:

koz” now2x . .0
St' 2klyjt 71 2!

The system (15) has the following solution:
Z(2) = M(O)exp(-"-2), (17a)

0j@-03{Q = -yiz[*(0)+2"_j@O)] ife" =0,

4(2)-<PH0) = yi|*-[exp(-2"2)- 1] qj(0)

(16)

+§3_j[exp(—2e3_jz)—I]’\_}(O))} ife"# 0, 7=1,2. (17b)

4. Boundary conditions and bistability of transmitted light

The mirrors 1-4 are used to achieve feedback of the wave field in the nonlinear
medium. The wave leaving the medium at the plane z —L is split by the mirror 2. Its
reflected part is directed by the mirrors 3 and 4 to the mirror 1 where it is split and
its reflected part is incident onto the .nonlinear medium at the plane z —0. Hence, the
boundary conditions at the plane z =0 are as follows:

VAii Eo+ R hexp (i €f) {£1 (L) exp [i(01(L) - ktL)] + £2(L)exp [/(02(L)-k2L)]}
= Oexp[i (O] +£20)exp [i*20)],
Rtexp(i 04) {Z2(D exp [i (02(L) - £2L)]- ~ (L)exp[i(QI(L)- k, LT}
= £2(0)exp [i R00)] - £, ©)exp [/ €, (0)].

The phases of the field components, having the electric vector parallel and
transversal to the plane of incidence of the mirrors, increase respectively 0 and <
on their way from the plane Z= L to the plane Z = 0.

The following symbols are introduced:

tij\= exp(QjL), 7=1,2,

(18)

AOj:=Oj{L)-Oj(0), 7=1,2,
d0:=01(L)-02(L)+ (fe2-/ci)L,

4 — Optica Applicata X1X/3/89
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10-intensity of the wave incident onto the mirror 1 from outside,

/tr-intensity of the wave transmitted through the mirror 2,

11- intensity of the right-circularly polarized component of the wave leaving the
crystal at the plane z = L,

12-intensity of the left-circularly polarized component of the wave leaving the
crystal at the plane z = L.

Now, we can rewrite the boundary conditions:

lj =~ TWoIRI+ril-j-2R#i3-jCOs{A£8-j+<P1-k 3 jL)], j= 1.2, (1%)

cos(d<*>) = \;ﬁr‘rj1 sin(d4>) = v /1im (19b)
L, =|(T1+TJ (L+/2+(T]|- rjV/~rcos (19¢)
AN =yith+yi2lXx J=>.2 (19d)
where the symbols Q Lx L2 M denote:
Q = {rHexp(-iAd4=>1)-R lexp[i(OH/qg L)]j |/?Lexp[i(d>1—2L)]
-1 2exp(-id<£2}+ {i/lexp(-td<£1)-.R lexp[i(<€1l-/c1L)]}
{i?] exp [f@n- k2L)] - "2exp(—i A},
Lx=RI1-R"rh cos{A<Pi +Px- k IL) +ti2cos(d 2+ 0+£- k2L)]
+rjlj2cos (A$I -A<I>2+k2L - k I L),
L2= rjl R2sm{A<Pl —A>2+ k2L —kI L) + R1ti2sin (d 2+ <P—k2L)
— sin(d0! +&1—kil),
M = R_+ril —2R1ril cos{A<Pl + &1 —kI L), (20)
and the matrix T = [yjAlj,k=i,2 is defined below:
-2 yjLjnOBE0(2- if4' = 0,
j.k =12 @)

Expressions (19a) differ from the classical ones [13], [14] which describe the
course of bistability in a ring cavity. In the formulas (19a) | x depends not only on Ix
but also on 12 and inversely:

h =/i(/,,/2U
12 ~ /2 (M*12°N0)’
/j and f2 denote nonlinear functions.
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The system of algebraic equations (19) can be interpretted by means of numerical
analysis. The method used in this paper consists of two steps. In the first step the
analysis of the equation

Ji[Ki + *7i-2>71Ki cos(*<P1+ ®t—, )]
= 12[ '+ + 30~ 2K+TRcos (A R+ A—k2 L)] (23)

allows us to approximate the curve describing interdependence of /, and 12 by
respective segments. This curve is used in the second step to find a starting point (/(D),
/ @)) for the Newton’s two-dimensional method, based on solving two nonlinear Egs.
(19¢) and (23) for each given value 1U Having found the exact values (7,./2) one can
easily determine /n (see EQ. (19a)). It is also possible to describe the state of
polarization of the wave field transmitted through the mirror 2 as a function of

(11,12 . . . )
The wave field transmitted through the mirror 2 has the following components:

X expl[i(cof —kO0zA\.
= V1 iN K 2(t)exp[i(<P2(Z.)-J:2L)]-« 1(L)expD(i>1(L)-/clIL)]}
x exp [i (art —dz)]. (24

It means that the matrix of coherence [15]
M= [M;] = [<E.£k>], j k=X, (25)

has the determinant [M| = 0. Hence, the parameter of polarization P [15] is equal to
1 what means that the transmitted light is completely polarized. The polarization
ellipse is characterized by two parameters Oand P. The absolute value |tan < is
equal to the ratio of semiaxes of the ellipse, the sign of tan ©determines the direction
of the electric vector rotation - right if tan© > 0, left if tan0 <O0. is the angle
between the major semiaxis and the Ox-axis. The parameters can be calculated from
the following formulas:

sin20 = (MyX- M Xy) a. I 71 (26)
M xx + Myy tr
tan 25+ ANT| 777 1,/2sin(3%) @

Mxx-Mwy (/, +12(T|- 711+ 2(71, + TJIyjl1/2cos 0)

The nonlinear interdependence of 1{and 12 (22) allows to expect bistable changes of
tan© and F
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5. Graphical illustration of the received results

The interpretation of the previously discussed results is based on numerical
computations executed on an IBM PC/XT compatible microcomputer. The values of
the used material constants refer to CS2 [11], [16]. The medium is assumed to reveal

no energy dissipation (@' = 0). The geometrical parameters of the cavity are as
follows: L= 001 m, R{=04, R+=043.

Fig. 2. Intensity bistability in the ring resonator referring to the phase increases: =" = n/6
(@), and <Pt= n/3, =n/2 @

Fig. 3. Bistability of the ratio of the polarization ellipse semiaxes referring to the phase increases:
< = 4\\= n/6 (a), =n/3, &, = 72 (b)
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Figures 2-4 present the course of bistability in the ring cavity when the external
magnetic field is constant and reaches BO = 0.01 T. The figures denoted by the letter
a refer to the phase increases = < = K/6, the ones denoted by b —to <P = n/3,

= nfl.

Figure 2 illustrates the bistable dependence of the intensity of the transmitted
wave /Ir upon the intensity of the incident wave 10. The noncontinuous changes of
/1r take place when /0 reaches the values Jj (the “jump” upward) and 10 (the “jump”

Fig. 4. Bistability of the orientation angle of the polarization ellipse referring to the phase increases:
Px= < =n/6 (@, = jil3, 0,] = A2 (b)

Fig. 5. Width of the hysteresis cycle as
a function of the induction of the
external magnetic field
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downward). The parameters of the polarization ellipse are presented as functions of
/0 in Fig. 3 (tan(9) and Fig. 4 {W). They both vary in bistable ways and the
noncontinuous changes happen when 10 reaches  and /. It is worth mentioning
that properly chosen geometrical parameters of the cavity can cause noncontinuous
changes of the direction of rotation of the electric vector of the transmitted wave (see
Fig. 3n).

Figures 5-8 show that the external magnetic field BO controls the parameters of
the hysteresis cycles of the output intensity 7r and the polarization ellipse
parameters. The width of the hysteresis cycles AJO —I11 —Ik as a function of BO is
presented in Fig. 5 The dimensions of the bistable “jumps” of 7Ir, tan 0, V at the

Fig. 6. Heights of the nonlinear
“‘jumps” of the transmitted light inten-
sity as functions of the induction of the
external magnetic field referring to the
incident light intensities: a—10= I'0
(“upward jump”), b—10= (“down-
ward jump”)
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points 70 = U, 70 = 7" are also the functions of BO. It is illustrated in Fig.6 (7tr), Fig.
7 (tan 0 ). and Fig. 8 (*7). The figures denoted by the letter a and b refer to the changes
at the point 70 = J and the point 70 = 7£, respectively. In the range BO = 0-0.05 T all
the functions presented in Fig. 5-8 appear to be approximately linear.

Aan(O)d b

Fig. 7. Heights of the nonlinear “jumps” of the ratio of the polarization ellipse semiaxes of the transmitted
light as functions of the external magnetic field referrum to the incident light intensities: a—/0= /*,

Fig. 8 Heights of the nonlinear “jumps” of the orientation angle of the transmitted light polarization
ellipse as functions of the induction of the external magnetic field referring to the incident light intensities:

a /0=1/3, b 10=10D
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6. Summary and conclusions

The case of a dispersive optical bistability modified by the Faraday’s effect is the
subject of studies in this paper. The girotrophy, which is forced by an external
magnetic field in a nonlinear ring cavity, causes bistable changes of the state of
polarization of light transmitted through the cavity.

The external magnetic field splits the plane wave into right- and left-circularly
polarized waves. The phases of those waves vary in different ways. Each phase
function depends not only on its own amplitude but also on the amplitude of the
other one. It changes the resonance conditions in the ring cavity and causes
bistability of the intensity of the transmitted light. The intensity of each circularly
polarized wave varies in a bistable way and therefore the effect of bistability of the
polarization state of the transmitted light appears also in the ring cavity.

The numerical analysis proves that the parameters of the intensity and
polarization hysteresis cycles can be controlled by the value of induction of the
external magnetic field.

References

[1] Chen Y. C, Lin J. M, Appl. Phys. Lett. 46 (1985), 16.

[2] Korpel A, Lohmann A. W., Appl. Opt. 25 (1986), 1529, 2253, 1594.

[3] Indebetour G., Opt. Commun. 65 (1988), 311.

[4] Cush R, Kirkby C. J. G., Opt. Commun. 60 (1986), 399.

[5] Zartov G. D., Panojotov K. P., Peyeva R. A, Opt. Commun. 61 (1987), 6.

[6] Lee H,, Appl. Opt. 26 (1987), 3486.

[7] Areshev |, Murina T. A, Rosonov N. N., Subashiev V. K., Opt.Commun. 47 (1983), 414.

[8] Sandie A J., Hamitton M. W,, Laser Physics, Proc. Third New Zealand Symp., Hamilton, New
Zealand, January 17-23, 1983. Lecture Notes in Physics, Vol. 182, Springer-Verlag, Berlin 1983.

[9] Petykiewicz J., Strojewski D., Opt. Appl. 19 (1989), 81.

[10] Fiedorov F. I, Theory of Girotrophy, [Ed.] Nauka, Minsk 1976 (in Russian).

[11] Hertwarth R. W., Progress in Quantum Electr., Pergamon Press, Oxford 1977, Vol. 5, p. 1-68.

[12] Minter D. A B, IEEE J. Quant. Electron. QE-17 (1981), 306.

[13] Gibbs H. M., Optical Bistability. Controlling Light th Light, Academic Press, New York 1985.

[14] Lugiato L. A, Progress in Optics, [Ed.] E. Wolf, North-Holland, Amsterdam 1984, Vol. XXI.

[15] Born M.Wolf E., Principles of Optics, Pergamon Press, New York 1984.

[16] Mustel E. R, Parygin W. N., Methods of Modulating and Scanning of Light, [Ed.] Nauka, Moscow
1970 (in Russian).

Received, March 20, 1989

TeueHVe OMTUYECKOM OMCTAbUIBHOCTU B KO/bLEBOA HWLLE
B MPUCYTCTBAN BHELLHEr0 MarHWTHOro Monst

HacTosilas cTaTbsi COLEPXWT pPe3ynbTaTbl, OTHOCALLMECS K TEYEHWH AWCMEPCUOHHOW ONTUYECKOl
O6UCTaBUNLHOCT B W3OTPOMHOWA, HENMHEHOW KONbLEBOM Huwe. B Hell 6bl10 MOKasaHo, u4TO
B MPUCYTCTBMU BHELUHEr0 MarHUTHOTO MOMSl SIMHEHO MOJSPU30BaHHbIA CBET, MPOMYLLEHHbIA uYepes
KONbLIEBOW pe3oHaTop, W3MEHsieT CBOKW MOMSpU3aLMi0 B 3NAMNTAYecKylo. Kpome 3Toro, ero
WHTEHCMBHOCTb M COCTOSIHME NONSpU3aLuM MeHseTCsl GUCcTabunbHO. TakkKe HamnpasieHue 060poTa ero
3N1EKTPUYECKOTr0 BEKTOPA MOXET W3MEHSTbCS Pa3pbIBHO.



