Optica Applicata, Vol. XL, No. 2, 2010
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A polynomial approach for the calculation of the reflectance, the transmittance, and
the ellipsometric parameters of a stratified isotropic planar structure is presented. We show
that these parameters can be written in a very simple and compact form using the so-called
elementary symmetric functions that are extensively used in the mathematical theory of
polynomials. This approach is applied to quarter-wave Bragg reflectors. The numerical results
reveal an exact match with the well known matrix formalism.
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1. Introduction

Ellipsometry offers a precise technique for measuring thin film properties. Advanced
ellipsometers have shown an excellent sensitivity for monitoring the growth of optical
films during film deposition. DRUDE [1] was the first to build an ellipsometer even
before the word “ellipsometry” was coined in 1954. In the aftermath, the equipment
built by Drude received little attention for decades until the 1970’s, ellipsometry
received an increasing interest and a considerable number of papers on ellipsometry
have been published [2-5].

Ellipsometry measures the changes in the state of polarization of light upon
reflection or transmission from a sample. It has a number of advantages over traditional
intensity reflection and transmission measurements. Some of these advantages lie in
that it measures an intensity ratio and therefore it is less affected by intensity
instabilities of the light source. It also measures at least two parameters at each
wavelength.
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The ellipsometric results are usually presented in terms of two parameters  and
A given by

o0 = tan(y)exp(id) = :” (1)

N

where 7, and r are the complex Fresnel reflection coefficients for p- and s-polarized
light, respectively.

This paper addresses the use of a polynomial approach for the study of reflectance,
transmittance, and ellipsometric parameters i and A for any number of isotropic
multilayer structures. Some examples of these structures are ITO on glass, SiO, on
silicon, and HfO, on silicon. We first present the conventional matrix method, then
we introduce the so-called elementary symmetric functions used in the mathematical
theory of polynomials to write the reflection and transmission coefficients in a simple
and compact form.

2. Matrix representation for the reflection
and transmission coefficients

Consider the case where a beam of light is incident on a multilayer structure of (N + 1)
isotropic media, as shown in Fig. 1. The j-th medium has d; and »; as a thickness and
arefractive index, respectively. The j-th interface located at z; separates the two media

of refractive indices n; and n ;.

> X-axis

ZN

>

Fig. 1. A structure of (N + 1) stratified planar
z-axis media.
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In general, the total field can be written as

E'(2)
E(z) = 2)
E (z)

where E *(z) and E ~(z) denote the complex amplitudes of the forward and the backward-
-traveling plane waves at an arbitrary plane z. If we consider the fields at two different
planes parallel to the interfaces, then the fields £, and E) are related by a transformation
matrix [M | according to the following equation [6]

+ +
£ B My My || Ey 3)
E, My My, Ey

For the last interface we have E, = 0. So, the reflection and transmission
coefficients of the whole system are given by

B M
N = =
ET M,
. 4)
;= Ey _ 1
A T
E, 11

The Fresnel reflection and transmission coefficients 7; ;,; and 7; ;,; at the j, j + 1
interface for s- and p-polarizations are given by [6]

L meesgon s, "
Pty cos @ +n,,  cos B

i J j+ 1 T+ 1
s B 2n;cos 6, ©)
Jj+ 1 T

njcost9j+njﬂcosﬁj+1

L n;, 086, —n;,coso, 7
B+
n;, €086 +mn;cosd

2njcos¢9j

p _
lje1 =

(®)

nj.+1cos¢9j+njcos¢9j+1

The matrix [M] can be expressed as the product of interface matrices and
layer matrices. The matrix [rj“] of the j-th interface located at the plane z; between
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two layers of refractive indices n; and n;,; relates the fields on both sides of
the interface, i.e.,

E%z-¢€) = [rj“}Ea(zj+ €) 9)

where o stands for p in p-polarization and for s in s-polarization, and £1is an infinitely
small distance. The interface matrix is given by

[ﬂ __ L1 T+ (10)

t

G+ 1 o 1

Fij+1

The propagation of the fields across the same layer with refractive index n; between
two interfaces located atz;_; and z; = z; | + d, is given by the matrix [¢], i.e.,

E“z_ +¢€) = [,1E“(z;- ¢) (11)

where the matrix [¢] is given by

9] = (12)

0 e

and ¢; = k,n;d; cos(8,), with k, being the free space wave number.
The M-matrix of such a system can be written as the product

[15] = [o]lrt]Loa]lrg ) o[ ] 3

3. Polynomial approach

The interface and layer matrices have the following commutation relation [7, 8]

9]l = ][] 14

The matrix [rj“( ?,)] is obtained by adding a phase term exp(+2i¢)) to the element
rfj , 1 in the matrix [##] in Eq. (10), i.e.,

1 1 L
@] = — b 5
L j+1 re e
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It is more convenient to introduce the matrix

o 2i((/71+(/72+...+¢7/.)
o 1 1 Tjj+1€ ‘
PO+ o+ @) = p '
I o —2:(¢1+¢2+...+¢/) 1
’ Fjj+1€
(16)
and to define
a_ po _ o —2i((p1+(p2+,..+(ﬂj)
RJ’ _R]]+1 j.j+1€ (17)
3% _ 7« _ o 2+ @)+ ...+ @)
i =Rj,j+1 rj,j+ e J

where the overbar on R denotes the change of ¢, into —¢,. According to Eq. (16) and
Eq. (17) we can write a new matrix

(&)= ——]" Rijvi (18)
! 1

et | R

The interesting feature of Egs. (16) and (17) is the phase term exp(+2i¢,) multiplied
by the element rj‘j’j + 1 Which means that each interface takes into account the entire
history of the wave due to all layers up to the j-th interface.

In view of the commutation relation given by Eqs. (14), (17) and (18) we can write
any product of [rj“] and [ ¢.] matrices in such a form that all the layer matrices [¢7j]
are located to the right of all the interface matrices [rj“ ]. Thus, Eq. (13) can be
rewritten as [7—9]

My | = [RY[[RY][RY)-[RY ][0+ 02+ + 0] (19)

where

(0][02]-[on] = [0+ 0.+ + 0] (20)

Let the product of the [R;"] matrices in Eq. (19) be given by a matrix [Dy], i.e.,

[24 o o
[va’} = [RJ[RJ...[RN] 1)
It has been shown [7—9] that the elements of the matrix [ D ]f,’ ] can be written using

a complex generalization of the symmetric functions of the mathematical theory of
polynomials [10, 11] as follows
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o, N
Z(S2m) Z(S2m+l)
|:D](\J;:| — + m=0 m=0 (22)
o
t o, N
Jl:[1JJ+1 Z(S2m+l) Z(S2m)
| m20 m=0 |
where
sV =1 (23a)
a, N N o a a o
AT ZR[. =R/ +R, +...+Ry (23b)

=
I
4 M

RR —R R2+R R3+ +R RN+
N

+RyRs + RyRs + ... + RyRy + ... + Ry _ Ry
(23¢)
sE = Z RERIRY = RYRYRY + RYRSRY + ... +
I<i<j<ksN aRr0 o o = o
+R1R2RN+"'+RN_2RN—1RN (23d)
N - —a 0
Syt = > RR; R/ Ry ...R, (23¢)

1<i<j<k<..<ws<N

where P — terms in each sum. Equatlons (23) defines the elementary symmetric
functions of the variables R1 , R2 , R3 - RN.

At this point, we emphasize the following:

1. As mentioned above, the overbar in R denotes the change of @ into ~@;;

2. Spis the sum of all possible products of P-terms R;;

3. In each product term of Egs. (23), the factors R and R appear alternatively with
the first factor being always R. This remark gives the meamng of R that is, R when
the place of R in the product is odd and R when the place of Ris even;

4. SN =0 for P> N.

Now, we can write the M-matrix, given by Eq. (19), as

) l(¢1+¢2+~~~+¢g\r) _i((ﬂ1+¢2+~~+(ﬂ/\/)

> (55" > (555 )e

1 > >
Ma:| — m=0 m20
[ N N
o, N (@ + @+ ...+ @) o N\ @+ 0+ ...+ @)
I I fj+ > (S2m+l)e > (SZm )e
j=1 m=0 mz=0

(24)
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Equation (24) enables us to write the overall reflection and transmission
coefficients of the isotropic planar stratified structure in the general form

a, N
o z S2m+1
r]lif] — M21 — m=0 (25)
p —
Mio 3 (s5))
m=>0
N o
[16+
=1 j=1 (26)
Mﬁ Z (Sg;n]v)ei(¢l+¢2+...+¢}v)

mz=0

Moreover, the ellipsometric parameters i and A are then given by

, N s, N
ngm+l (S;m)

; r
tal’l(l//)e[A _ 1\; _ _m=20 m20 (27)
r s, N 2\
N ZS2m+1 (S2m)
m=0 m=0

4. Numerical applications and results

To demonstrate the validity of the polynomial approach we consider a planar
multilayer dielectric coating designed as a dielectric mirror. Dielectric mirrors (also
known as Bragg reflectors) have received an increasing interest due to their extremely
low losses at optical and infrared frequencies, as compared to ordinary metallic
mirrors. A dielectric mirror usually consists of identical alternating layers of high and
low refractive indices, as shown in Fig. 2. The optical thicknesses are typically chosen

NS
177

\/
N/ / "
v/ n
N/ "

\ ns

Transmitted light

Fig. 2. Five-layer quarter-wave Bragg reflector
(dielectric mirror).
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Fig. 3. Calculated reflectance of 3, 5, 7 quarter-wavelength layer Bragg reflectors at normal incidence in
the spectral range of 350—850 nm for the polynomial approach (points) and the matrix formulation
(solid lines).

to be quarter-wavelength long at some center wavelength A, that is, nydy=n;d; =
= A,/4, where ny and n; are the indices of refraction of the high- and low-index
layers, respectively, d;; and d; are the thicknesses of the high- and low-index layers,
respectively. The standard arrangement is to have an odd number of layers, with
the high index layer being the first and last layer [12].

The numerical calculation is done for a system of (2K + 1) stack of quarter-
-wavelength layers where K =1, 2, and 3. The design wavelength of the Bragg
reflectors (filter) is centered at 550 nm. The reflectance and the ellipsometric
parameters i and A4 were calculated using the well known matrix formulation [6] and
the model proposed. These calculations were performed for the systems under
consideration in the spectral range from 350 to 850 nm. The indices ny and n;
correspond to layers of TiO, and MgF, on a glass substrate. The optical parameters of
these layers were obtained from the handbook of optical constants of solids [13, 14].
The results are depicted in Figs. 3 and 4. The calculated overall reflectance of
3, 5, and 7 layer Bragg reflectors centered at A, =550 nm are plotted in Fig. 3.
The figure reveals an exact match between the polynomial and matrix formalisms.
The ellipsometric parameters ¥ and A4 are depicted in Fig. 4 for the same reflectors
mentioned above. A complete agreement between the two approaches is obvious.

5. Conclusions

In this article, we have shown that the reflectance, transmittance, and the ellipsometric
parameters can be calculated for any stack of layers using a simple method utilizing
the elementary symmetric functions. This approach exhibits an excellent agreement
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Fig. 4. Calculated y (a) and 4 (b) of 3, 5, 7 quarter-wavelength layer Bragg reflectors at a 70° angle
of incidence in the spectral range of 350—850 nm for the polynomial approach (points) and the matrix
formulation (solid lines).

with the traditional matrix method for a system representing a dielectric mirror. We
believe that this method is much easier than the traditional matrix multiplication
method.

References

[1] DRrUDE P., The Theory of Optics, Dover, New York, 1959.

[2] Aspnes D.E., THEETEN I.B., Optical properties of the interface between Si and its thermally
grown oxide, Physical Review Letters 43(14), 1979, pp. 1046—1050.

[3] IReNE E.A., Models for the oxidation of silicon, Critical Reviews in Solid State and Materials
Sciences 14(2), 1988, pp. 175-223.

[4] GonegaLves D, IRene E.A., Fundamentals and applications of spectroscopic ellipsometry, Quimica
Nova 25(5), 2002, pp. 794-800.



510 T. EL-AGEz, S. TAaYA, A. EL TAYYAN

[5] Postava K., MAZIEWSKI A., YAMAGUCHI T., OssIkovsKI R., VISNOVSKY S., PISTORA J., Null ellipsometer
with phase modulation, Optics Express 12(24), 2004, pp. 6040—6045.
[6] Azzam R., BasHARA N., Ellipsometry and Polarized Light, North-Holland, Amsterdam, 1977.
[7] Vicoureux J.M., Polynomial formulation of reflection and transmission by stratified structures,
Journal of the Optical Society of America A 8(11), 1991, pp. 1697—-1701.
[8] GrosSEL PH., VIGOUREUX J.M., BAIDA F., Nonlocal approach to scattering in a one-dimensional
problem, Physical Review A 50(5), 1994, pp. 3627-3637.
[9] SHABAT M.M., TAYA S.A., 4 new matrix formulation for one-dimensional scattering in Dirac comb
(electromagnetic waves approach), Physica Scripta 67(2), 2003, pp. 147-152.
[10] WAERDEN B., Modern Algebra, Ungar, New York, 1966.
[11] LANG S., Algebra, Addison-Wesley, MA, 1965.
[12] OrraNIDIS S., Electromanetic Waves and Antennas, On-Line Textbook, Rutgers University;
http://www.ece.rutgers.edu/~orfanidi/ewa.
[13] PaLk E., Handbook of Optical Constants of Solids, Vol. 2, Academic Press, San Diego, CA, 1991.
[14] PaLk E., Handbook of Optical Constants of Solids, Vol. 1, Academic Press, San Diego, CA, 1998.

Received June 4, 2009
in revised form October 24, 2009




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


