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The method of paraxial complex geometrical optics (PCGO) is presented, which describes
Gaussian beam (GB) diffraction in smoothly inhomogeneous media of cylindrical symmetry,
including fibers. PCGO reduces the problem of Gaussian beam diffraction in inhomogeneous
media to the system of the first order ordinary differential equations for the complex curvature of
the wave front and for GB amplitude, which can be readily solved both analytically and
numerically. As a result, PCGO radically simplifies the description of Gaussian beam diffraction
in inhomogeneous media as compared to the numerical methods of wave optics. For the paraxial
on-axis Gaussian beam propagation in inhomogeneous fibers, we compare PCGO solutions with
numerical results for finite differences beam propagation method (FD-BPM). The PCGO method
is shown to provide over 100-times higher rate of calculation than FD-BPM at comparable
accuracy. This paper presents PCGO analytical solutions for width evolution of cylindrically
symmetric GB in quadratic graded-index fiber, which is obtained in less complicated way
comparing to the methods of wave optics. Besides, the influence of initial curvature of the wave
front on GB evolution in graded-index fiber is discussed in this paper.

Keywords: Gaussian beam diffraction, paraxial complex geometrical optics, inhomogeneous media of
cylindrical symmetry.

1. Introduction 

Paraxial complex geometrical optics (PCGO) has two equivalent forms: the ray-based
form, which deals with complex rays [1–6], that is with trajectories in a complex
space, and the eikonal-based form, which uses complex eikonal instead of complex
rays [6–10]. A surprising feature of PCGO is its ability to describe Gaussian beam
(GB) diffraction in both ray-based and eikonal-based approaches. 
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This paper describes the advantages of the eikonal-based form of PCGO for
description of Gaussian beam diffraction in inhomogeneous fibers. Section 2 presents
the basic equations of PCGO for inhomogeneous medium of cylindrical symmetry.
Analytical solution for beam width evolution in quadratic graded-index fiber is
presented in Section 3. High efficiency of PCGO algorithms for numerical solutions
of diffraction problems as compared with finite differences beam propagation method
(FD-BPM) approach is demonstrated in Section 4 for multimode inhomogeneous
fibers. Finally Section 5 outlines the ability of PCGO to describe the influence of initial
curvature of the wave front on the beam width evolution in graded-index fiber.

2. Basic equations of paraxial complex geometrical optics 
for inhomogeneous medium of cylindrical symmetry

2.1. Riccati equation for complex parameter B
For an axially symmetric wave beam propagating along z direction in axially
symmetric medium, PCGO suggests the following form of the solution 

(1)

where k0 = 2π /λ0, where λ0 is the wavelength of the beam in vacuum and ψ  is
complex-valued eikonal, which in accordance with (1) has the form

(2)

where  is the distance from the axis z. In above equation B is
the complex curvature of the wave front (see [11]) and n0 is the refractive index of
the medium measured along z axis. The real and imaginary parts of the parameter
B = BR + iBI determine the real curvature κ of the wave front and the beam width w
(1/e2 point of the wave field) correspondingly:

(3)

The eikonal equation: 

(4)

in (η, z) coordinates takes the form:
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In accordance with the paraxial approximation, the radius η should be small
enough. Therefore the parameter n2(z, η ) in Eq. (5) can be expanded in Taylor series
in η in the vicinity of symmetry axis z: 

(6)

Substituting (2) and (6) into eikonal equation (5) and comparing coefficients of
η0, η and η2, we obtain the following relations:

(7)

and the Riccati equation for complex curvature B:

(8)

The parameter β  for axially symmetric medium equals: 

(9) 

Substituting (3) into Eq. (1), we obtain the Gaussian beam of the form

(10)

where k = 2πn0/λ0 = 2π /λ is the wave number for the beam propagating in the z direc-
tion. Solution (10) reflects the general feature of PCGO, which in fact deals with
the Gaussian beams. The general form of the Gaussian beams in the 3D inhomogeneous
media, as well as Riccati equation for the complex curvature parameter B, can be found
in [10] and in the review paper [6].

2.2. The equation for GB complex amplitude

In the frame of paraxial approximation, the amplitude A = A(z) is complex-valued
and satisfies the transport equation

(11)

which for the axially symmetric beam in (η, z) coordinates takes the following form:

(12)
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In accordance with Eq. (2), assuming that η is a small parameter, we obtain 

(13)

As a result, Eq. (12) reduces to the ordinary differential equation in the form: 

(14)

The above equation for GB complex amplitude, as well as the Riccati equation for
complex curvature B, are the basic PCGO equations. PCGO reduces the problem of
GB diffraction to the domain of an ordinary differential equation. Having calculated
the complex parameter B from Riccati equation (8), one can readily determine
the complex amplitude A by integration of Eq. (14). As a result, the complex amplitude
of cylindrically symmetric GB takes the form 

(15)

where A0 = A(0) is the initial amplitude and z' = z /n0.

2.3. The equation for GB width evolution 

Riccati equation (8) is equivalent to the set of two equations for the real and imaginary
parts of the complex curvature B:

(16)

Substituting (3) into (16), one obtains 

(17)

This leads to the known relation between the beam width w and the wave front
curvature κ, derived in [12]:

(18)
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Substituting now relation (18) into the first equation of the system (16), we obtain
the ordinary differential equation of the second order for GB width 

(19)

where

 

and

The identical equation was obtained in the frame of diffraction approach, dealing with
the truncated parabolic wave equation [13, 14].

3. Solution for GB diffraction in quadratic graded-index fibers

In this section, the PCGO method is applied for beam propagation in inhomogeneous
medium of cylindrical symmetry with refractive index of the form

(20)

where η is a distance from the fiber axis and L is the characteristic inhomogeneity
scale of the medium. For the refractive index (20), the Riccati equation (8) takes
the form

(21)

The corresponding equation (19) for the beam width evolution in such a medium
becomes

(22)
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d2w

dz2
--------------- γ w– 16

k2w3
------------------=

γ 1
2n0

2
------------ ∂2n2

∂η2
---------------

η 0=

=

k2 k0
2 n0

2=

n n0
η 2

L2
-----------–=

dB
dz

------------ B2+
2n0

L2
--------------–=

d2w

dz2
--------------- w

L0
2

------------+ 16

k2w3
-----------------=

L0
n0

2
------- L=



710 P. BERCZYŃSKI, YU.A. KRAVTSOV, G. ŻEGLIŃSKI

Introducing new variable F = w/w0, Eq. (22) can be rewritten as

(23)

where  is the diffraction (Rayleigh) distance and w0 = w (0) is the initial
width. The integration of Eq. (23) with initial conditions: F(0) = 1 and dF (0) /dz = 0,
what corresponds to the GB with a plane initial wave front, yields 

(24)

Taking advantage of differential relation  and differentiating
once the Eq. (24), we obtain: 

(25)

which solution is 

(26)

4. Numerical solutions for multimode inhomogeneous fibers: 
A comparison of PCGO and FD-BPM results

PCGO method deals with ordinary differential equations, which can be easily solved
numerically. To show efficiency and accuracy of PCGO algorithm, we solve
numerically Eq. (19) by the Runge–Kutta method for chosen inhomogeneous fibers.

In accordance with [15], the standard multimode (MMF) inhomogeneous fiber can
be described by refractive index:

r ≤ a (27a)

n = n1, r > a (27b)

where a is the radius of the core. For numerical simulations we use the following
parameters:

Δ = 0.008, n1 = 1.6, a = 31 μm, λ = 1 μm, w0 = w(0) = 15 μm, g = 2 (28)
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The solution for the GB width, obtained by PCGO algorithm for a standard
MMF, is shown in Fig. 1. 

Let us compare the PCGO results with the finite differences beam propagation
method, based on a parabolic wave equation in the frame of the Crank–Nicolson
scheme [16–19]. The FD-BPM numerical solution for GB with parameters (28)
is shown in Fig. 2, where the discrepancy between PCGO and FD-BPM results is
estimated according to the formula:

(29)

It follows from Tab. 1 that the relative difference δ  between PCGO and FD-BPM
results never exceeds 4%. Besides, we have compared time of calculations, provided
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Fig. 1. Numerical solution of Eq. (19) for GB width in standard MMF.
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Fig. 2. FD-BPM numerical solution for GB width in standard MMF. 
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by the PCGO with that of FD-BPM method for a standard MMF. The lengths of steps
under numerical calculations for the axes x, y, z were as follows: 

Δx = 100 nm, Δy = 100 nm, Δz = 1 μm (30)

For the propagation distance of 1 cm, the time of numerical calculations for
FD-BPM happened to be over 100 times higher as compared with PCGO method.
Another cycle of calculations was performed for multimode gradient index polymer
optical fiber (GI-POF). 

In accordance with [20], the refractive index of multimode GI-POF can be
modeled as: 

r ≤ a (31a)

n = n1, r > a (31b)

For numerical simulations we use the following parameters:

n1 = 1.6, a = 400 μm, λ = 0.8 μm, w0 = w (0) = 30 μm, g = 2 (32)

The parameter Δ is the same as in Eq. (28). The numerical solution, obtained by
PCGO algorithm for the GB width in GI-POF for parameters (32) is shown in Fig. 3. 

T a b l e 1. The results of calculations of the beam width by FD-BPM and PCGO methods for
standard MMF.

Propagation distance 
z [μm]

Beam width 
wPCGO [μm]

Beam width 
wFD-BPM [μm] δ ×100%

0 15 15 0
100 14.49 14.55 0.4
400 11.32 11.79 4
800 14.97 14.97 0

1000 12.84 13.11 2
2000 11.56 11.99 3.7
3000 14.44 14.5 0.4
4000 14.28 14.37 0.6
5000 11.46 11.91 3.9
6000 13.06 13.27 1.58
7000 14.98 14.99 0.009
8000 12.62 12.93 2.4
9000 11.68 12.08 3.34

10000 14.59 14.61 0.16
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It follows from Tab. 2 that the relative difference δ  between PCGO and FD-BPM
results is also less than 4%. Additionally, we have compared time of calculations,
provided by the PCGO, with that of FD-BPM method for GI-POF (see Fig. 4). For
both methods, we have carried out calculations with numerical steps for the axes x, y, z
equal to:

Δx = 250 nm, Δy = 250 nm, Δz = 1 μm (33)

For these calculations, the time of numerical calculations for FD-BPM also
happened to be over 100 times higher, comparing to PCGO method for the propagation
distance which equals only 1 cm.

Thus, PCGO method for both standard MMF and GI-POF has demonstrated
100-times higher rate of calculations, as compared with FD-BPM method at
the accuracy over 96%. The same result as presented in Fig. 1 for MMF can be
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Fig. 3. Numerical solution of Eq. (19) for GB width in GI-POF.
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Fig. 4. FD-BPM numerical solution for GB width in GI-POF.
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obtained from the analytical solution (26), where LD = k /4 = 327 μm and L0 =
= a/2 = 247 μm. Also, the result for GI-POF presented in Fig. 3 can be obtained
from (26), where this time LD = 1719 μm and L0 = 2236 μm.

5. Influence of initial curvature of the wave front 
on beam width evolution in graded-index fiber

Integrating Eq. (23), we obtain the relation:

(34)

We notice that the initial condition for the first derivative in Eq. (34), in accordance
with (18), denotes the initial curvature of the wave front: 

(35)

In accordance with the initial condition F (0) = 1, the integration constant in
Eq. (34) equals

(36)

T a b l e 2. The results of calculations by FD-BPM and PCGO methods for GI-POF. 

Propagation distance 
z [μm]

Beam width 
wPCGO [μm]

Beam width 
wFD-BPM [μm] δ ×100%

0 30 30 0
100 30.02 30.03 0.03
400 30.32 30.36 1.11
800 31.25 31.38 0.43

1000 31.88 32.07 0.6
2000 35.75 36.21 1.28
3000 38.6 39.02 1.08
4000 38.64 38.66 0.05
5000 35.85 35.35 1.39
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8000 31.8 32.90 3.47
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Substituting (36) into (34) and multiplying both sides by F2, we obtain:

(37)

Taking advantage of the differential relation  and differenti-
ating once Eq. (37), we obtain:

(38)

The solution of this equation has a form 

(39)

It depends on the parameters κ0 = κ (0), LD and L0. This solution can be also
obtained from the truncated parabolic equation [14], but in more complicated way.
Figure 5 shows evolution of the beam width in the case L0 = 1.5LD , when diffraction
widening of GB dominates over the fiber focusing process. Figure 6 depicts the inverse
situation L0 = 0.5LD , when focusing dominates, as compared with diffraction effects.
For simplicity, the above solution is illustrated for the case when n0 = 1.

According to Fig. 5, the width of the initially converging beam (κ0 < 0) first
decreases, approaching the minimum value wmin = 0.7w0. Then diffraction widening
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Fig. 5. GB width evolution for different values of initial wave front curvature in the case when
L0 = 1.5LD (k0LD = 3198, w(0) = 9λ ). Trace 1 corresponds to the GB with initial curvature of the wave
front equal to: κ10 /k0 = –3×10–4, trace 2: κ20 /k0 = 0, trace 3: κ30 /k0 = 3×10–4.
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dominates and the beam width increases to the maximum value wmax = 2.25w0. For
the initially diverging beam (κ0 > 0), the GB width first increases to the maximum
value wmax = 2.25w0. Then focusing in the fiber dominates and, as a result, the beam
width decreases to the minimum value, comparable with the case when κ0 < 0. 

Figure 6, related to the case κ0 < 0, shows that the GB width first decreases,
approaching the minimum value wmin = 0.3w0. Then diffraction widening dominates
and beam width increases to the maximum value wmax = 1.5w0. For the GB with
positive value of initial curvature of the wave front (κ0 > 0), the beam width first
increases to the maximum value wmax = 1.5w0, next focusing in the fiber dominates.
As a result, the beam width decreases to the minimum value wmin = 0.3w0.

For both cases illustrated above, the maximum value of GB width for both initially
diverging and converging beams happens to be 1.5 times higher, as compared with
maximum values, answering to plane wave front κ0 = 0.

6. Conclusions

The simple and effective method to calculate Gaussian beam wave field, diffracted in
arbitrary smoothly inhomogeneous media, is presented. The method, based on paraxial
complex geometrical optics, reduces the diffraction problem to the ordinary differ-
ential equations for complex curvature of the wave front and for GB amplitude. These
equations can be readily solved both analytically and numerically by the Runge–Kutta
method. In this paper we present PCGO analytical solution for width evolution of
cylindrically symmetric GB in quadratic graded-index fiber. This solution is obtained
in less complicated way, as compared with the methods of wave optics and quasi-
-optics. Besides, the influence of initial curvature of the wave front on GB evolution
in graded-index fiber is discussed. For the paraxial on-axis Gaussian beam,
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Fig. 6. GB width evolution for different values of initial phase front curvature in the case when
L0 = 0.5LD (k0LD = 3198, w(0) = 9λ). Trace 1 corresponds to the GB with initial curvature of the wave
front equal to: κ10 /k0 = –6.5×10–4, trace 2: κ20 /k0 = 0, trace 3: κ30 /k0 = 6.5×10–4.
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propagating in standard MMF and GI-POF, PCGO solutions are compared in accuracy
with FD-BPM approach. At the same time, the PCGO method is shown to provide
100-times higher rate of calculation than FD-BPM at comparable accuracy. Thereby,
the paraxial complex geometrical optics greatly simplifies the description of Gaussian
beam diffraction, as compared with the traditional numerical methods of the wave
theory, reducing radically the time of numerical calculations.
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